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» Non-Asymptotic: P(x) = 2 + 3-x + 2-x?
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WHAT 1S COST ANALYSIS?

The aim of“COST ANALYSIS is to estimate the
bound of resource consumption (aka cost) of ex-
ecutlng a given program P on input data
wcttout actually executing P
» Execution steps

» Visits to specific program points

» Memory (possibly with garbage collection)
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PHASES IN COST ANALYSIS

Cost Model

!

Cost
Program Static Cost Worst /Best
€ . =—> Relations =—) /
P Analysis Relations Case
Solver
First Phase Second Phase
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PHASES IN COST ANALYSIS

Cost Model

!

Cost

Program Static Cost Worst /Best
€ . =—> Relations =—) /
P Analysis Relations Case
Solver
First Phase Second Phase

Quality of the solution is affected by the
» Precision issue in the first phase AND

» precision-applicability tradeoff in the second phase
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PRECISION, APPLICABILITY AND EXPRESSIVENESS

3. but the applicability is limited
4. Example - recurrence relations which are solved using
symbolic computations

» Some others are more expressive but require complex
analysis to solve.
1. Less precise techniques are widely applicable
2. More precise techniques are less applicable
3. Example - cost relations which are solved using static
analysis
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ity of inferring resource bounds for some class of
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COMPLEXITY ISSUES

eoretical interest lies in understanding the complexity

ity of inferring resource bounds for some class of
programs.

» Computing bounds from CRs require solving termination
problems of simple loops.

» Termination analysis is often a subtask of cost analysis.

» Theoretical limits of cost analysis are inherited from the
limits of termination analysis.
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OBJECTIVES

mpute upper bounds from CRs that are very precise
a e approach is widely applicable and scalable.

2. Extend the approach of computing upper bounds to
computing nontrivial, precise lower bounds.

3. Obtain decidability and complexity results on the
termination of simple loops that arrise in the context of

cost analysis.

4. Understand the consequences of the complexity results
for termination analysis to cost analysis.
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COST ANALYSIS

void t n) {
List 1 = null;
int i=0;
while ( i<n ) {
int j=0;
while ( j<i ) {
for (int k=0;k<n+j;k++)
l=new List (i*kx*j,1);
j+= (x) 7 1 : 3;
}
i+= (x) ? 2 : 4;
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B(j,i,n)
B(j,i, n)

Best/Worst Case

Abu Naser Masud, UPM

while ( i<n ) {
int j=0;
while ( j<i ) {
for (int k=0;k<n+j;k++)
l=new List (i*k*j,1);

j+= (x) 7 1:3;
i+= (%) ? 2:4;
}

=0 {i>n}
= B(0,i,n)+A(i",n) {i+1<n,i+2<i'<i+4}
=0 {>i}
= C(0,j,n)+B(", i, n) {j+1<i,j+1<j'<j+3}
=0 {k>n+j}
= 14+C(K',j,n) {k" = k41, k+1<n+j}
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COST ANALYSIS - WEGBREIT 1975

Program

»

h <

Clko, /
Static Analysis 0240, M) =

(o, o, ny) =
A(Iba /70) =

h 4

Cost Relations

A(i,n) =0 {i>n}

A(i,n) = B(0,i,n)+A(",n) {i+1<n,i+2<i'<i+4}

B(j,i,n) =0 {i>i}

BG.iin) = C(0.j,n)+B(",i,n) (+1<i,j+1<]'<j+3}

Clk,jom) = 0 {k=nj)
Best/Worst Case | c(ijin) = 1+C(kjon)  {K = kt1 k+1<n))
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COST ANALYSIS - WEGBREIT 1975

Program

»

h <

C(/fo,jb, m) =

Static Analysis Gos io. 1 ]
27U g ) =

h 4

Cost Relations

C(k.j N0 {k=nj)
Best/Worst Case | c(ijn) = 1+C(kjon)  {K = kt1,k+1<n4))
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SOLVING CRS - COMPUTER ALGEBRA SYSTEMS

=0 {i>n}

= B(0,i,n)+A(i",n)  {i+1<n,i+2<i'<i+4}
B(j,i;n) = 0 (=i}
B(j,i,n) = C(0,j,n)+B(,i,n) {j+1<i, j+1<j'<j+3}
C(k,j,n) = 0 {k>n+j}
C(k,j,n) = 1+C(K',j,n) {k' = k+1, k+1<n+j}

Abu Naser Masud, UPM Termination and Cost Analysis: Complexity and Precision Issues 11/34



SOLVING CRS - COMPUTER ALGEBRA SYSTEMS

=0 {i>n}

= B(0,i,n)+A(i",n)  {i+1<n,i+2<i'<i+4}
B(j,i;n) = 0 (=i}
B(j,i,n) = C(0,j,n)+B(,i,n) {j+1<i, j+1<j'<j+3}
C(k,j,n) = 0 {k>n+j}
C(k,j,n) = 1+C(K',j,n) {k' = k+1, k+1<n+j}

» Why not using directly Computer Algebra Systems?
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SOLVING CRS - COMPUTER ALGEBRA SYSTEMS

=0 {i>n}

= B(0,i,n)+A(/, n) {i+1<n, i+2<i'<i+4}

B(j,iyn) = 0 =i}

B(j,i,n) = C(0,j,n)+B(/,i,n) {j+1<i,j+1<j<j+3}
C(k,j,n) = 0 {k>n+j}

C(k,j,n) = 14+C(K,j,n) {k' = k+1, k+1<n+j}

CAS can obtain an exact closed-form solution for:
P(0)=0
P(x)=E+P(x—1)+ -4+ P(x—1)

deterministic, 1 base-case, 1 recursive case, 1 argument

~
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SOLVING CRS - COMPUTER ALGEBRA SYSTEMS

=0 {i>n}

= B(0,i,n)+A(i",n)  {i+1<n,i+2<i'<i+4}
B(j,i;n) = 0 (=i}
B(j,i,n) = C(0,j,n)+B(,i,n) {j+1<i, j+1<j'<j+3}
C(k,j,n) = 0 {k>n+j}
C(k,j,n) = 1+C(K',j,n) {k' = k+1, k+1<n+j}

» Why not using directly Computer Algebra Systems?
» CRs are not deterministic
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SOLVING CRS - COMPUTER ALGEBRA SYSTEMS

=0

B(0, i, n)+A(/", n)

{i=n}

{i+1<n,i+2<i'<i+4}

B(j;i,n) = 0 {j=i}

B(j.i,n) = C(0,j,n)+B(/",i,n) {j+1<i,j+1<)'<j+3}
C(k,j,n) =0 {k>n+j}

C(k,j;n) = 1+C(K',j,n) {K' = k+1, k+1<n+j}
ALL A ol dal el A Al [} C " 2

Two possible runs for B(1,5,3)
1: B(1,5,3) — B(2,5,3) — B(5,5,3)
2: B(1,5,3) — B(2,5,3) — B(4,5,3) — B(5,5,3)

\.
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SOLVING CRS - COMPUTER ALGEBRA SYSTEMS

=0 {i>n}

= B(0,i,n)+A(i", n) {i+1<n, i+2<i'<i+4}
B(j,i;n) = 0 {j=i}
B(j,i,n) = C(0,j,n)+B(j,i,n) {j+1<i,j+1<j'<j+3}
C(k?jv n) =0 {an—I—J}
C(k,j,n) = 1+C(K',j,n) {k' = k+1, k+1<n+j}

» Why not using directly Computer Algebra Systems?
» CRs are not deterministic

» CRs have multiple arguments
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SOLVING CRS - COMPUTER ALGEBRA SYSTEMS

=0 {i>n}
A = B(0,i,n)+A(', n) {i+1<n, i+2<i'<i+4}
{B(j, i,n) =0 {j>i}
B(j,i,n) = C(0,j,n)+B(",i,n)  {j+1<i,j+1<j'<j+3}
C(k,j,n) = 0 {k>n+j}
C(k,j,n) = 14+C(K,j,n) {k' = k+1, k+1<n+j}

» Why not using directly Computer Algebra Systems?
» CRs are not deterministic
» CRs have multiple arguments

» CRs have multiple (not mutually exclusive) equations
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SOLVING CRS - COMPUTER ALGEBRA SYSTEMS

=0 {i>n}

= B(0,i,n)+A(/, n) {i+1<n, i+2<i'<i+4}
B(j,i,n) = 0 {j=i}
B(j.i,n)=C(0,j,n)+B(/",i,n) {j+1<i,j+1<j'<j+2}
B(j,i,n)=C(0,j,n)+B(" i,n) {j+1<i,j'=j+3}
C(k,j,n) = 0 {k>n+j}
C(k,j,n) = 1+C(K,j,n) {k' = k+1, k+1<n+j}

» Why not using directly Computer Algebra Systems?
» CRs are not deterministic
» CRs have multiple arguments

» CRs have multiple (not mutually exclusive) equations
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SOLVING CRS - COMPUTER ALGEBRA SYSTEMS

=0 {i>n}

= B(0,i,n)+A(/, n) {i+1<n, i+2<i'<i+4}
B(j,i,n) = 0 {j=i}
B(j.i,n)=C(0,j,n)+B(/",i,n) {j+1<i,j+1<j'<j+2}
B(j,i,n)=C(0,j,n)+B(" i,n) {j+1<i,j'=j+3}
C(k,j,n) = 0 {k>n+j}
C(k,j,n) = 1+C(K,j,n) {k' = k+1, k+1<n+j}

Why not using directly Computer Algebra Systems?
CRs are not deterministic
CRs have multiple arguments

CRs have multiple (not mutually exclusive) equations

v v v v Vv

Thus, CRs often do not have an exact solution
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SOLVING CRS - COMPUTER ALGEBRA SYSTEMS

, 250" <i+-4}

B(j,1,n)
B(j, i, n) <j'<j+2}
B(j,i,n 3}
C(k.J,
C(k,J, 1<n+j}
» Why n ems?
» CRs are
» CRs have
» CRs have m /e) equations
» Thus, CRs often os act solution
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SOLVING CRS - COMPUTER ALGEBRA SYSTEMS

, 250" <i+-4}

B(j,1,n)
B(j, i, n) <j'<j+2}
B(j,i,n 3}
C(k.J,
C(k,J, 1<n+j}
» Why n ems?
» CRs are
» CRs have
» CRs have m /e) equations
» Thus, CRs often os act solution
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INFERRING UPPER Bounps (CRs) - PUBS

=0 {i>n}
A(r, = B(0,i,n)+ A(i",n) {i+1<n,i+2<i'<i+4}
B(j.i,n) = 0 {j=i}
B(j,i,n) = €(0,j,n)+ B(',i,n) {j+1<i, j+1<j'<j+3}
C(k,j,n) = 0 {k=n+/}
C(k,j,n) = 14 C(K'.j,n) {K' = k+1, kt1<n+j}
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INFERRING UPPER Bounps (CRs) - PUBS

A(r,

B(,i,n)
B(,i,n)
C(k,j,n)
C(k,j,n)

Abu Naser Masud, UPM

0 {i>n}

B(0,i,n) + A(i",n)  {i+1<n,i+2<i'<i+4}
0 (=i}

C(0,j,n) + B(Jj',i,n) {j+1<i, j+1</'<j+3}
0 {k=n+j}

1+ C(K',j,n) {k' = k+1, k+1<n+j}
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INFERRING UPPER Bounps (CRs) - PUBS

=0 {i=n}
A(r, = B(0,i,n)+ A(/",n) {i+1<n,i+2<i'<i+4}
B(j,i,n) =0 {j=i}
B(,i,n) = C(0,j,n)+ B(’,i,n) {j+1<i,j+1<j'<j+3}
C(k,j,n) =0 {k=n+j}
C(k,j,n) = 1+ C(K'.,j,n) {k' = k+1, k+1<n+j}

e An evaluation for C(ko, o, no) looks like:

@ )@ )@ ;@ .................... @
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INFERRING UPPER Bounps (CRs) - PUBS

=0 {i=n}
A(r, = B(0,i,n)+ A(/",n) {i+1<n,i+2<i'<i+4}
B(j,i,n) =0 {i=i}
B(,i,n) = C(0,j,n)+ B(’,i,n) {j+1<i,j+1<j'<j+3}
C(k,j,n) =0 {k=n+j}
C(k,j,n) = 1+ C(K'.,j,n) {k' = k+1, k+1<n+j}

e An evaluation for C(ko, o, no) looks like:

@)@)@;1 .................... @

e What is the maximum length of this chain of @ ?

Abu Naser Masud, UPM Termination and Cost Analysis: Complexity and Precision Issues 12/34



INFERRING UPPER Bounps (CRs) - PUBS

=0 {i>n}
A(i, = B(0,i,n)+A(/',n) {i+1<n,i+2<i'<i+4}
B(j,i,n) =0 {i=i}
BU,i,n) = C(0,j,n)+ B(',i,n) {j+1<i,j+1</'<j+3}
C(k,j,n) = 0 {k=n+j}

C(k,j,n) = 1+ C(K',j,n) {K' = k+1, kt1<n+j}
‘2

e An evaluation for C(ko, o, no) looks like:

@)@)@;1 .................... @

e What is the maximum length of this chain of @ ?
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INFERRING UPPER Bounps (CRs) - PUBS

Ranking function

3. o E F(kj,n)>0 A F(k,j,n)—F(K,j,n")>1

C(k,j,n) =0 {k>n+j}
C(k,j,n) = 1+ C(K',j,n) {K = k1 kt1<ntj}
P

e An evaluation for C(ko, jo, no) looks like:

@)@)@;1 .................... @

e What is the maximum length of this chain of @ 7
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INFERRING UPPER Bounps (CRs) - PUBS

=0 {i=n}
A(r, = B(0,i,n)+ A(/",n) {i+1<n,i+2<i'<i+4}
B(j,i,n) =0 {i=i}
B(,i,n) = C(0,j,n)+ B(’,i,n) {j+1<i,j+1<j'<j+3}
C(k,j,n) =0 {k=n+j}
C(k,j,n) = 1+ C(K'.,j,n) {k' = k+1, k+1<n+j}

e An evaluation for C(ko, o, no) looks like:

@)@)@;1 .................... @

e What is the maximum length of this chain of @ ?

~

f (ko,Jo, no) = [|no +Jjo — kol

Abu Naser Masud, UPM Termination and Cost Analysis: Complexity and Precision Issues 12/34



INFERRING UPPER Bounps (CRs) - PUBS

a i>n}
A, i+1<n,i+2</'<i+4}
w ||al| = max(a; 0) .
B(J)Ian) JZI}
B(, i, n) — S LN S E A
C(k,j,n) = 0 {k=n+j}
C(k,j,n) = 1+ C(K',j,n) {K' = k+1, k+1<n+j}

e An evaluation for C(ko, o, no) looks like:

@)@)@;1 .................... @

e What is the maximum length of this chain of @ ?

A

f (ko,Jo, no) = [|no +Jjo — kol
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INFERRING UPPER Bounps (CRs) - PUBS

<i+4}

)= @* lno + jo — kol|
<j+3}

C(k,j,n) =0 {k=n+j}
C(k,j,n) = 1+ C(K'.,j,n) {k' = k+1, k+1<n+j}

e An evaluation for C(ko, o, no) looks like:

@)@)@;1 .................... @

e What is the maximum length of this chain of @ ?

A

f (ko,Jo, no) = [|no +Jjo — kol
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INFERRING UPPER Bounps (CRs) - PUBS

A . <it4)
g(j| (koo m0) = (1) 2lotio=tel

C(k,j,n) = 0 {k>n+j}
C(k,j,n) = 1+ C(K'j,n) +C(/r,‘rk’=k+1,k+13n+j}

. . o 1y
e An evaluation for C(ko, jo, no) looks Iil%:

e How many
has from root to @
leaf?

F (Ko, jo, no)=||no+jo—kol|
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INFERRING UPPER Bounps (CRs) - PUBS

=0 {i>n}
= B(0,i,n)+ A(i',n) {i+1<n,i+2<i'<i+4}
B(j,i,n) = 0 {i=i}

B(,i,n) = C(0.4,n) + B(/,i,n) +1<i,j+1</'<j+3}
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INFERRING UPPER Bounps (CRs) - PUBS

0 {i>n}
= B(0,i,n)+ A(i',n) {i+1<n,i+2<i'<i+4}

B(j,in) =0 (i)
B(,i,n) = lln+ill  + B(,i,n) {j+1<i,j+1<j<j+3}
—_—
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INFERRING UPPER Bounps (CRs) - PUBS

=0 {i=n)
= B(0,i,n)+ A(i',n) {i+1<n,i+2<i'<i+4}
B(j,i,n) = 0 =i}
B(j,i,n) = |ln+ill  + B(’,i,n) {j+1<i,j+1<j<j+3}

e An evaluation for B(jo, i, no) looks like:
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INFERRING UPPER Bounps (CRs) - PUBS

=0 {i=n)
= B(0,i,n)+ A(i',n) {i+1<n,i+2<i'<i+4}
B(j,i,n) = 0 =i}
B(j,i,n) = |ln+ill  + B(’,i,n) {j+1<i,j+1<j<j+3}

e An evaluation for B(jo, i, no) looks like:

o Iive WG TN G W G

e There are at most ||ip — jo|| circles (ranking function)
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INFERRING UPPER Bounps (CRs) - PUBS

=0 {i=n)
= B(0,i,n)+ A(i',n) {i+1<n,i+2<i'<i+4}
B(j,i,n) = 0 =i}
B(j,i,n) = |ln+ill  + B(’,i,n) {j+1<i,j+1<j<j+3}

e An evaluation for B(jo, i, no) looks like:

Q >© >O Q .................. )Q

e There are at most ||ip — jo|| circles (ranking function)
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INFERRING UPPER Bounps (CRs) - PUBS

=0 {i=n)
= B(0,i,n)+ A(i',n) {i+1<n,i+2<i'<i+4}
B(j,i,n) = 0 =i}
B(j,i,n) = |ln+ill  + B(’,i,n) {j+1<i,j+1<j<j+3}

e An evaluation for B(jo, i, no) looks like:

Q )O >© Q .................. )Q

e There are at most ||ip — jo|| circles (ranking function)

e Worst-case is x| io — Jol|

Abu Naser Masud, UPM Termination and Cost Analysis: Complexity and Precision Issues 12/34



INFERRING UPPER Bounps (CRs) - PUBS

0 {i>n}
= B(0,i,n)+ A(i',n) {i+1<n,i+2<i'<i+4}

B(jsi;n) =0 {i>1}
B(j,i,n) = |ln+ill  + B(’,i,n) {j+1<i,j+1<j<j+3}
—_— i
¥
LY Inferring box (or maximizing expression) \

« What is the maximum value that n+j can take in
terms of (jo, ip, no)?. It is no + ip — 1.

\. J
IS
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INFERRING UPPER Bounps (CRs) - PUBS

) =0 {i=n}
AT, = B(0,i,n)+ A(i',n) {i+1<n,i+2<i'<i+4}
B(j.i,n) = 0 (=i}

B(j,i,n) = _lntjll_ + B, i,n) {j+1<i,j+1<)'<j+3}
¥

LY Inferring box (or maximizing expression) \

« What is the maximum value that n+j can take in
terms of (jo, ip, no)?. It is no + ip — 1.

« Infer an invariant (B(jo, o, o) ~ B(j, i,n), V)

\. J
IS
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INFERRING UPPER Bounps (CRs) - PUBS

{i=n}

=0
A(i, = B(0,i,n)+ A(i",n) {i+1<n,i+2<i'<i+4}

B(j,i,n) =0 {12’}
B(jvian) = |

Intill _ + B(, i, n) {j+1<i,j+1</'<j+3}
— 0

« What is the maximum value that n+j can take in
terms of (jo, ip, no)?. It is no + ip — 1.

« Infer an invariant (B(jo, o, o) ~ B(j, i,n), V)

« Use (parametric) integer programming to maximize
n+j w.r.t W A ¢ and the parameters (jo, io, no)-

\.
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INFERRING UPPER Bounps (CRs) - PUBS

=0 {i=n)
= B(0,i,n)+ A(i',n) {i+1<n,i+2<i'<i+4}
B(j,i,n) = 0 =i}
B(j,i,n) = |ln+ill  + B(’,i,n) {j+1<i,j+1<j<j+3}

e An evaluation for B(jo, i, no) looks like:

Q )O >© Q .................. )Q

e There are at most ||ip — jo|| circles (ranking function)

® B“(jo, io, no) = llno + o — 1| * [lio — Jol|
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INFERRING UPPER Bounps (CRs) - PUBS

=0 {i=n)
= B(0,i,n)+ A(i',n) {i+1<n,i+2<i'<i+4}
B(j,i,n) = 0 =i}
B(j,i,n) = |ln+ill  + B(’,i,n) {j+1<i,j+1<j<j+3}

e An evaluation for B(jo, i, no) looks like:

O J e N /\

> . hasssssnsnsnnnnnnns >

N N/ % \/

e There are at most ||ip — jo|| circles (ranking function)
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OUTLINE

0 Precise Cost Analysis Techniques
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

L ) =0 (=i}
a4 jl+BGion)  {1<ijH1<'<j+3}
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

L ) =0 (=i}
a4 jl+BGion)  {1<ijH1<'<j+3}

e How these circles progress?
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

, 1) =0 {j=i}

=n+jl+B("i,n)  {j+1<i, j+1<'<j+3}
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

, 1) =0 {j=i}

=n+jl+B("i,n)  {j+1<i, j+1<'<j+3}

Termination and Cost Analysis: Complexity and Precision Issues
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

, 1) =0 {j=i}
=lln+ill+BG" i) {j+1<ij+1<'<j+3}

[ TEERTTTT P EEEEEEPRPPPY T )D Z/) Cvj) Cvl)
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

{ n) =0 {y>i}
=ln+jl+BG' ivn)  {HL<i, j+1<)<j+3)
d d d
[ TEERTTTT P EEEEEEPRPPPY T )D 3> N 3
P(0) =0
P(x) =L+ (o —doll = x) xd + P(x—1)
=
0 = | =C(o—Jo—1)*dl
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

(. n) =0 {y>i}
=ln+jl+BG' ivn)  {HL<i, j+1<)<j+3)
d d d
D ......................... )D 3> N 3
P(0) =0
P(x) =01+ (llio —Joll =x) xd + P(x—1)

P(||io — jol|) is the sum of all boxes
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

L ) =0 (=i}
—lln+jll + B, in)  {H1<i, 41 <j+3)

[ TEERTTTT P EEEEEEPRPPPY T )D a) Z/) d

P(0) =0
P(x) =0+ (lio —joll =x) xd + P(x—1)

W

e P(||io — Jjol|) is the sum of all boxes

e If E is a closed-form solution for P(x) obtained by CAS,
then E[x/|/io — jo|/] is an UB on the worst-case of B
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

P(x) = llnotio—1lwx+lio—jollx+5—%
P(”IO —_[0”) = ||n0+-/0_1||*||IO_./O||+||/O__]0||2+||’0;JOH _ ||"0—2.I‘0H
P(0)=0
P(x) =01+ (llio —Joll =x) xd + P(x—1)

o P(|lio — Jol|) is the sum of all boxes

e If E is a closed-form solution for P(x) obtained by CAS,
then E[x/||io — jo||] is an UB on the worst-case of B
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Complex Nat Expression

A(” n) 4 ®o
A(i,n) =B(0,i,n) + A(i",n) 1
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Complex Nat Expression

A(i,n) = ' %o
A(i, n) = no—1]|* |l io |+ 18Lx([lig] | +1) + A(, n) 1
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

A(i,n) = %0
A(i, n) =] ng— 1||*||lo||+|7*(||/o||+1)+A( n) o1
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A(i7n) . ¥o
Ay m) =m0 Lo | +131(li]| +1) + (7, ) o1
P(0) =0

E
P(x)zg_*£3_+73*(2+1) + P(x—1)
Ev =0 + (|lno — io| — x) * da
E> =B + (llno — iol| — x) * d>
Es =[] +(|[no —iol| — x) =
Ey =11 4 (Ilno — iol| — x) * ca
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

hcally Progressive nat
{h<1,h>0,12>20}
Ms(I, h)= +1{|[+Ms(l, m)+Ms(m+1,h), { h > I+1,/+h—1 < 2xm < [+h }

CRs for Mergesort
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

hcally Progressive nat
Ms(I, h
Ms(I, h)=]

{h<1,h>0,12>20}
1) 4+-Ms(1, m)+Ms(m+1, k), { h> 141, 1+h—1 < 2xm < [4+h }

CRs for Mergesort
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS
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Ms(I, h)=]
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

Multiple Recursive Equations

B(j. is )i 0 =

BG,in) = |ln+jll+B(',in)  {j+1<i,j+1<j<j+3}
B(.in) = il =1l + BG',isn)  {j+1<i,j = j+1}
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

Multiple Recursive Equations - First Alternative

B(j. i, 0 {i=i}

B(j,i,n) = |ln+jll +B(',in)  {j+1<i,j+1<j'<j+3}
B(j,in) = il =il + BG',i,n)  {j+1<i,j = j+1}

|} Generate a single recursive CRs Br(j, i, n)

Br(, i, n)=lln+jll<[li+1l+Br (', i,n)  {j+1<i,j+1 <j < j+3}
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

Multiple Recursive Equations - First Alternative

B(j, i, 0 =i}

B(, i, n) Luﬂ.;i'_B(J',i, n) 1< j+1<<j+3}
B, i,n) =l * ,; B i) {j+1<ij’ =j+1}

|} Generate a single recursive CRs Br(j, i, n)

Br(j,i,n)= n+£ |41 +Br(/' i,n)  {j+1<ij+1 <j < j+3}

€3
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

Multiple Recursive Equations - First Alternative

B(j, i, 0 =it
B(;, v Lot L B(ivn) L <rciad)

.. . .., Y1
B(@,i,n) = [|j] 4 + B(j',i,n) {j+1<ij =441
€

2
|} Generate a single recursive CRs Br(j, i, n)

Br(j,i,n)= n+£ * ‘i +Br (i, n) _{j+1<i j+1 <j' < j+3}

conv.hull {1, p2}
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INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

Multiple Recursive Equations - First Alternative
B(j, i, 0 =i}

B(j,i,n) = |ln+jll +B(',in)  {j+1<i,j+1<j'<j+3}
B(j,in) = il =il + BG',i,n)  {j+1<i,j = j+1}

|} Generate a single recursive CRs Br(j, i, n)

Br(, i, n)=llntjll+|li+1+Br(’,isn)  {j+1<i,j+1 <j < j+3}

P(x)=0
P(X):E’l*EQ + P(x—1)

Ex =M + (|lio — jo| — x) * dh
Ex =[] + (llio — Jol — x) *

Abu Naser Masud, UPM Termination and Cost Analysis: Complexity and Precision Issues 17/34



INFERRING UPPER BOUNDS - STATIC ANALYSIS + CAS

Multiple Recursive Equations - Second Alternative

B, i, 0 {j=i}

B(j,i,n) = |In+jll+B(' i,n)  {j+1<i,j+1<<j+3}
B(,i,n) = [jll =il + BU',i,n) {j+1<i,j = j+1}
BuGyim) =0 ¥ (>}

Bi(j,i,n) = ||n+jl|+ Bi(jsi,n)  {j+1<i,j+1</<j+3}
Bl(j7i7n) = 0+Bl(j/7i7n) {J+1SI7JI:J+1}
Bx(j,i,n) = 0 =it

Bx(j,i,n) = 0+ Bx(j',i,n) {J+1<i, j+1</<j+3}
Bo(jyiyn) = |ljll * Ul + B2(i's i)  {j+1<i,j' = j+1}

B“b(jo, iv, no) = B2 (jo, io, no) + BY2(jo, io, no)

Abu Naser Masud, UPM Termination and Cost Analysis: Complexity and Precision Issues 17/34



INFERRING LOWER BOUNDS

{ n) =0 {j>i}
B =ln+jll +B(',i,n)  {j+1<i, j+1<'<j+3}

Abu Naser Masud, UPM Termination and Cost Analysis: Complexity and Precision Issues 18/34



INFERRING LOWER BOUNDS - STATIC ANALYSIS + CAS

, 1) =0 {j=i}

=n+jl+B("i,n)  {j+1<i, j+1</<j+3}
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INFERRING LOWER BOUNDS - STATIC ANALYSIS + CAS

, 1) =0 {j=i}

=n+jl+B("i,n)  {j+1<i, j+1</<j+3}

e What is the minimum number of O ?
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INFERRING LOWER BOUNDS - STATIC ANALYSIS + CAS

, 1) =0 {j=i}

=n+jl+B("i,n)  {j+1<i, j+1</<j+3}

e What is the minimum number of O ? H%H
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INFERRING LOWER BOUNDS - STATIC ANALYSIS + CAS

A A .
{i>i}

~
=lln+jll+BG" i) {+1<i j+1<)'<j+3}

e What is the minimum number of O ?H%H

e Add loop counter A to the CR
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INFERRING LOWER BOUNDS - STATIC ANALYSIS + CAS

A A .
{i>i}

~
=lln+jll+BG" i) {+1<i j+1<)'<j+3}

e What is the minimum number of O ?H%H

e Add loop counter A to the CR
e Infer an invariant (B(jo, o, no, 0) ~~ B(j, i,n, \), V)
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INFERRING LOWER BOUNDS - STATIC ANALYSIS + CAS

A A .
{i>i}

~
=[ln+jl +B('"i,n)  {+1<i, j+1<)'<j+3}

e What is the minimum number of O ?H%H

e Add loop counter A to the CR
e Infer an invariant (B(Jo, fo, no, 0) ~> B(j, i, n, \), V)
e Minimize A w.r.t WA {j > i} and the parameters (jy, i, no)
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INFERRING LOWER BOUNDS - STATIC ANALYSIS + CAS

, 1) =0 {j=i}

=n+jl+B("i,n)  {j+1<i, j+1</<j+3}

e What is the minimum number of O ? H%H

e What is the LB of Q? i.e. on ||n+j||
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INFERRING LOWER BOUNDS - STATIC ANALYSIS + CAS
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INFERRING LOWER BOUNDS - STATIC ANALYSIS + CAS

, 1) =0 {j=i}

=n+jl+B("i,n)  {j+1<i, j+1</<j+3}

e What is the minimum number of O ? H%H

e What is the LB of @? i.e. on ||n+j||

8 * ||
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INFERRING LOWER BOUNDS - STATIC ANALYSIS + CAS

, 1) =0 {j=i}

=n+jl+B("i,n)  {j+1<i, j+1</<j+3}

e What is the minimum number of O ?H_"o;jo I
e What is the LB of @? i.e. on |[n—+j]|
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INFERRING LOWER BOUNDS - STATIC ANALYSIS + CAS

{ n) =0 {j>i}
=ln+jll +B(',i,n)  {j+1<i, j+1<'<j+3}
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INFERRING LOWER BOUNDS - STATIC ANALYSIS + CAS

{ n) =0 {j>i}
=ln+jll +B(',i,n)  {j+1<i, j+1<'<j+3}

P() = M +(1552] %) «d + Plx—1)

o P(lozhly s the sum of all A
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INFERRING LOWER BOUNDS - STATIC ANALYSIS + CAS

L ) =0 (=i}
—lln+jll + B, in)  {H1<i, 41 <j+3)

P(x)= @ +(|°52]| —x)*d + P(x—1)
o P(lozhly s the sum of all A

e If E is a closed-form solution for P(x) obtained by CAS,
then E[x/||“3%2||] is an LB on the best-case of B
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InsertSort
PascalTriangle BubbleSort NestedRecIter
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CoMPARING REsuLTs wiTH PUBS

Abu Naser Masud, UPM
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COMPARISON - PUBS vs StaTIiCc ANALYSIS + CAS

PUBS PUBSHCAS
Precision 2. 0.0. 0 0 AR o & & GA¢
Applicability *okkkk  kokkoky
Non-Determinism | #Akkok  Sookookioe
Performance dokkk ok kokkokk
Lower Bounds L S A pAaAdlD & & & @i
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COMPARISON WITH RAML(HOFFMANN ET AL. TOPLAS 2012)

apATIN (A) [|al[-[|b]| + 2-[|af| + 1 64
ab+2a+1 46

isort | (A) 1-a|” + 3-||al| + 1 33
(B) 222 +3.a+1 74

dyade | (A) [[a]|-[|bl| + 2-[|a|| + 1 40
(B) 2-a-b+2-a+1 44

mult3 | (A) 2-|a]® +8a] + 3 70
(B) 4-a-b+6-a+3 193

msort | (A) logx(|[2-a — 3||+1)-la—3[|+4-[[2-a—3|+ | 76

loga([|2-a=3|[+1)-[15]]+1

(B) 5-a*>—3a+1 73

gsort | (A) 8- 2l — 2. 3| -7 83
(B)a?+3-a+1 76
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SUMMARY OF CONTRIBUTIONS - [

be used for solving a small subclass of CRs

b This subclass is not enough when considering imperative
languages, with heap, arrays, etc.
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SUMMARY OF CONTRIBUTIONS - [

be used for solving a small subclass of CRs

b This subclass is not enough when considering imperative
languages, with heap, arrays, etc.

b Static analysis based solvers have been developed for CRs
» Trade-off between applicability and precision

» OUR CONTRIBUTIONS ARE:

» our inferred bounds are very precise. For example, 27:1 iis
solved to m rather than approximating it by n?

precise, yet widely applicable

applicable to linear, geometric, etc, progression behavior

we obtain an UB in the order of O(n * log(n)) for merge-sort
it allows inferring lower bounds on the best-case

http://costa.ls.fi.upm.es/pubs

v vvew
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SUMMARY OF CONTRIBUTIONS - [

Our contributions are published in the following papers:

» Elvira Albert, Samir Genaim, and Abu Naser Masud. More
precise yet widely applicable cost analysis. In VMCAI 2011,
USA, January, 2011. Proceedings, volume 6538 of LNCS,
pages 38-53.

» Elvira Albert, Samir Genaim, and Abu Naser Masud. On the
inference of resource usage upper and lower bounds. ACM
Transactions on Computational Logic. To Appear.
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OUTLINE

0 Theoretical Complexity of Deciding Termination
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INTEGER LINEAR CONSTRAINTS LOOPS - MOTIVATION

C(k,j,n) =0 {k>n+j}
C(k,j,n) = 1+ C(K,j,n) {K = k+1, k+1<n+j}
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INTEGER LINEAR CONSTRAINTS LOOPS - MOTIVATION

C(k,j,n) =0 {k>n+j}
C(k,j,n) = 1+ C(K,j,n) {K' = k+1, k+1<n+j}
(U

V¥
Q

Ly

INTEGER LINEAR-CONSTRAINT (ILC) loops
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THE TERMINATION PROBLEM

Given a program P, decide whether it will finish
running or could run forever
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THE TERMINATION PROBLEM

iNpUT |

PROGRAM
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THE TERMINATION PROBLEM

INPUT

PROGRAM

-+ Computer program

while (i<j) {

i = i+1;

}
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THE TERMINATION PROBLEM

INPUT

PROGRAM

-+ Computer program
- Transition system

x'=xny' <y

while (i<j) { PAVS

¥ —@

x'<x
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THE TERMINATION PROBLEM

INPUT

PROGRAM

-+ Computer program
- Transition system
- Counter program
- Turing machine

x'=xny' <y

while (i<j) { BV
i= i+l X =xny'=y

¥ ’ G
<

X X
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THE TERMINATION PROBLEM

INPUT
E £ £
& i3 g 2
a5 & o 'é
Any input 4+ E .5 S E
5 5 ]
2 £ 3 1)
£ < 5 £
s &£ 8 ¢
PROGRAM
} } } }
x'=xny' <y
. . +
while (i<j) { 420
P
i= i+l; ) X' =xny'=y
H
}
x' <x E
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THE TERMINATION PROBLEM

INPUT
Given input 4 €

E § E [
& % g £
s ® S 5
- ©

Any input 4 ] $ oy E
5 B 3
- S S
£ S > =
N F N =

PROGRAM
} } } }
x'=xny' <y
while (i<j) { g
P
coo Lt i _
A = i+1; VA X' =xN\y' =y
}
x' <x E
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THE TERMINATION PROBLEM

INPUT
al input 4
Given input 4 €

i £ £ °
& % g £
s ® S 5
- ©

Any input 4 ] $ oy E
5 B 3
o B € 'é’
£ S > =
N F N =

PROGRAM
t t t t
x'=xny' <y
while (i<j) { g
P
S Ny x'=xNy'=
i = i+1; - rey
}
x' <x E
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THE TERMINATION PROBLEM

INPUT
al input 4
Given input 4 €
i £ £
® 2 g 2
0 < 2 ) =
universal s 2 g S
Any input 4 ] .2 s E
VS. ES = 2 0
£ < 5 £
i o o o >
mortallty O = O = PROGRAM
} } } }
x'=xny' <y
a R +
while (i<j) { 420
P
e N, ! —xAy =
i = i+1; TN =

¥ —@

x'<x
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THE TERMINATION PROBLEM

INPUT
al input 4
Given input 4 €
E g E [
? B g £
s > o S
- ©
Any input 4 ] $ oy E
5 B 3
S T ¥
£ S > =
N F N e
PROGRAM
> t t t t
@ x'=xny' <y
v while (i<j) { AW
P
e Ny /= /=
A = i+1; VA X' =xN\y' =y

}
DOMAIN x'<x G
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INTEGER LINEAR WHILE LOOPS

while ( x>=0 && y>=0 && 2%z+w >= 3 && ... ) {
x=x-7y;

y=y-1;
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INTEGER LINEAR WHILE LOOPS

while ( x>=0 && y>=0 && 2*z+w >= 3 && ... ) {
x=x-7y;
y=y-1;
.
» while (Bx>b) x=Axtc [TIWARI'04]

» For any input, it is decidable over R
» while (Bx>b A Dde) x=Ax-+c [BRAVERMAN’OS]

» For any input, it is decidable over R and Q; and
» over Z in the homogeneous case (b=0,c=0,d=0)
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INTEGER LINEAR WHILE LOOPS

while ( x>=0 && y>=0 && 2*z+w >= 3 && ... ) {
x=x-7y;
y=y-1;
.
» while (Bx>b) x=Axtc [TIWARI'04]

» For any input, it is decidable over R
» while (Bx>b A Dde) x=Ax-+c [BRAVERMAN’OS]

» For any input, it is decidable over R and Q; and
» over Z in the homogeneous case (b=0,c=0,d=0)

» INTEGER LINEAR WHILE (ILW) loops
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TERMINATION OF INTEGER LINEAR WHILE LOOPS

TERMINATION OF ILW LooPSs
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TERMINATION OF INTEGER LINEAR WHILE LOOPS

general cases

TERMINATION OF ILW LooPs

special cases
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TERMINATION OF INTEGER LINEAR WHILE LOOPS

IPLW LOOPS : allow using the instruc-
«n, tion y = isPositive(x) where
general cases

<
isPositive(x) = { (1) i > g

TERMINATION OF ILW LooPs

special cases
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TERMINATION OF INTEGER LINEAR WHILE LOOPS

IPLW LoOOPS : allow usg" struc-
«n, tiony = 18POSIt1V€®

G (e sso

TERMINATION OF ILW LooPs

general cases

special cases
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TERMINATION OF INTEGER LINEAR WHILE LOOPS

IPLW LoOPS : allow usg" struc-

e tion y = isPositive(s), Wh
P

x>0

general cases

TERMINATION OF ILW LooPs

isPositive(x) can be simulated by INTEGER
spe] DIVISION BY CONSTANT

2-x—1

isPositive(x) = x — =%
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> proof is done by a reduction from the termination of
C r programs
1: x=x-1
2: y=y+1
3: if x>0 then 1 else 4
4: end
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TERMINATION OF INTEGER LINEAR WHILE LOOPS

proof is done by a reduction from the termination of

co r programs

x=x-1

y=y+1

if x>0 then 1 else 4
end

W N e

» Termination for a given input and mortality are undecidable
for counter programs
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TERMINATION OF INTEGER LINEAR WHILE LOOPS

> proof is done by a reduction from the termination of
C r programs

1: x=x-1
2: y=y+1
3: if x>0 then 1 else 4
4: end

while (A;>=0&& --- && A3>=0 && A+ --+A3=1 && x>=0 && y>=0)

{

}
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2: y=y+1
3: if x>0 then 1 else 4
4: end
while (A;>=0&& --- && A3>=0 && Ai+---+A3=1 && x>=0 && y>=0)
{
x:=x-A71;
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}
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TERMINATION OF INTEGER LINEAR WHILE LOOPS

proof is done by a reduction from the termination of

co r programs

x=x-1

y=y+1

if x>0 then 1 else 4
end

W N

while (A;>=0&& --- && A3>=0 && Ai+---+A3=1 && x>=0 && y>=0)

{
No:=0; Ny:=A1; Nap:=Az; N3=A3;

x:=x-A71;
yi=y+As;

A1:=Ng; Ap:=Np; A3:=Np;
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TERMINATION OF INTEGER LINEAR WHILE LOOPS

co

while (A;>=0&& ---

{

Abu Naser Masud, UPM

proof is done by a reduction from the termination of
r programs

x=x-1

y=y+1

if x>0 then 1 else 4
end

= w N -

No:=0; Np:=A;; No:=Ap; N3=A3;
F1:=isPositive(x);

x:=x-A71;

yi=y+As;

T3:=isPositive (A3+F1-1);
R3:=isPositive(A3-F1);
N3:=N3-A3;

No:=No+T3;

N3:=N3+R3;

A;:=Ng; Ar:=Nj; A3:=Np;
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TERMINATION OF INTEGER LINEAR WHILE LOOPS

proof is done by a reduction from the termination of

Cco I programs
1: x=x-1
2: y=y+1
3: if x>0 then 1 else 4
4: end
while (A;>=0&& --- && A3>=0 && Ai+---+A3=1 && x>=0 && y>=0)

{
No:=0; Nj:=A1; Np:=Ap; N3=A3;
sitive(x);

Termination, for any or a

) given inpu
is UNDECIDABLE put, of IPLW loops

N3 T=N3TIsS
A;:=Ng; Ar:=Nj; A3:=Np;

}
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UNDECIDABLE for two linear pieces
general cases while ( CONDITION ) {

if ( x>0 ) then B; else B;
N\ }
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UNDECIDABLE for two linear pieces

general cases while ( CONDITION ) {
if ( x>0 ) then B; else B;
«“N\/ }

TERMINATION OF ILW LooPs

) &\ [Bozga et al., TACAS'12]
special cases
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TERMINATION OF INTEGER LINEAR-CONSTRAINT LOOPS

INTEGER LINEAR WHILE loop can be translated into

a jvalent INTEGER LINEAR-CONSTRAINT loop
while (x>=0) { xlz 0A
ot Ny
y=y-1; L
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}
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TERMINATION OF INTEGER LINEAR-CONSTRAINT LOOPS

INTEGER LINEAR WHILE loop can be translated into

an jvalent INTEGER LINEAR-CONSTRAINT loop

while (x>=0) { XIZ 0A
= o X =x+yN
X=x+y; Q Y=y
y=y-1; L

}

» Then, if we succeed to simulate the isPositive function with
integer linear constraints we prove undecidability

Ry = isPositive(Ax — F)

Ay —F<2Ri <A —-F+1A0<R<1
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TERMINATION OF INTEGER LINEAR-CONSTRAINT LOOPS

INTEGER LINEAR WHILE loop can be translated into

an jvalent INTEGER LINEAR-CONSTRAINT loop

while (x>=0) { xlz 0A
—_ Ny
y=y-1; L

}

» Then, if we succeed to simulate the isPositive function with
integer linear constraints we prove undecidability

Fy = isPositive(x)

UAx=0—=F,=0 A
UAx>1—>F=1
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» r many (failing) attempts, the best we could get is
UV =F<xA0<LF<1
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TERMINATION OF ILC LooOPS — THE SEARCH FOR W

» r many (failing) attempts, the best we could get is
U =F<xA0<F<1

p isPositive(x) = [v2:x] + [-v2x]

>

V2x < A< V2x+1 A

U= —vV2x < B < —vV2x+1 A
F=A+B
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U, =F<xA0<F<1

p isPositive(x) = [v2:x] + [—v/2x]

>
V2x < A < V2x+1 A
U= —y/2x < B < —vV2x+1 A
F=A+B
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» r many (failing) attempts, the best we could get is
U =F<xA0<F<1

p isPositive(x) = [v2:x] + [—v/2x]
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» r many (failing) attempts, the best we could get is
U =F<xA0<F<1

b isPositive(x) = [V2-x] 4+ [—v/2:x]
2
V2x < A < V2x+1 A
U= —y/2x < B < —v2x+1 A
F=A+B
) V=T ADy
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TERMINATION OF ILC LooOPS — THE SEARCH FOR W

» r many (failing) attempts, the best we could get is
U =F<xA0<F<1

p isPositive(x) = [v2:x] + [-v2:x]
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P =T AUy
b aptar-xi+---+a,-xy <0, all constants are taken from Q

» Undecidable when constants are taken from QU{v/2, —v/2}
» QU{r} for any irrational r
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TERMINATION OF ILC LOOPS — A LOWER BOUND

general cases UNDECIDABLE, for any or a given in-
put, when the constants are taken from
Qu{r}

TERMINATION OF ILC Looprs

& Still at least EXPSPACE-hard for determin-
istic constraints, but for partial input

special cases S . . .
P SNV Termination for a given input is at least

EXPSPACE-hard

Vv DECIDABLE for octagons [Bozga et. al.
TACAS'09, losif et. al. TACAS'12]
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SUMMARY OF CONTRIBUTIONS - II

» Termin@ion INTEGER LINEAR WHILE loops
» undecidable when allowing “minimal” amount of non-linearity

b integer division by constant, ... isPositive(x)

» Termination of INTEGER LINEAR CONSTRAINTS loops
b it is not possible to model isPositive(x) with rational
constants

» but possible when allowing a single irrational constant
» this leaves some hope for a positive answer, ...
» EXPSPACE-hard lower bound by simulating Petri-nets
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LIMITS OF COST ANALYSIS

» The cidability of termination for IPLW loops implies that
there are certain classes of programs for which inference of
cost bounds is not decidable.

» Undecidability of termination for IPLW loops with two linear
pieces implies solving CRs having two recursive equations is
undecidable.

» The EXPSPACE-hardness lower bound for ILC loops with a
given or partially specified input implies that solving CRs
having a single recursive equation, when the input is
(partiality) specified, is also at least EXPSPACE-hard.
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SUMMARY OF CONTRIBUTIONS - II

» Amir M. Ben-Amram, Samir Genaim, and Abu Naser Masud.
On the termination of integer loops. In VMCAI 2012,
Philadelphia, USA, January 25-27, 2012. Proceedings, Lecture
Notes in Computer Science. Springer, January 2012.

» Amir M. Ben-Amram, Samir Genaim, and Abu Naser Masud.

On the termination of integer loops. On ACM Transactions on
Programming Langauges and Systems, 34(4), December 2012.
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CONCLUSION AND FUTURE WORK

ve considered the practical and theoretical aspects of

cost termination analysis.

b As practical aspects, we provide cost analysis techniques from
CRs that are precise, scalable and have wider applicability.

» The theoretical study on termination analysis gives us more
insight into the termination as well as into the cost analysis in
general.

» Possible Extension of this work would be to consider more
expressive abstract programs possibly with nonlinear
constraints and inferring techniques for solving those abstract
programs.

» Another possible extension would be to consider solving open
problems regarding termination of ILW and ILC loops.

Abu Naser Masud, UPM Termination and Cost Analysis: Complexity and Precision Issues 34/34



	Introduction
	Background on Cost Analysis
	Precise Cost Analysis Techniques
	Theoretical Complexity of Deciding Termination
	Conclusions

