On the limits of the Classical Approach to Cost
Analysis

Diego E. Alonso-Blas, Samir Genaim

Complutense University of Madrid (UCM)

October 16" 2012



What is Cost Analysis?



What is Cost Analysis?




What is Cost Analysis?




What is Cost Analysis?

The aim of static COST ANALYSIS is to bound
the resource consumpt|on (cost) of executing a
progra

Program

Cost
Bounds

-
=

el
=y



What is Cost Analysis?

The aim of static COST ANALYSIS is to bound

the rg%urce consumpt|on (cost) of executing a
program P on an =

3 R Cost
Program - Bounds

Resources
® Loop iterations

® Execution steps

® Visits to Program point
® Stack and Heap space




What is Cost Analysis?

The aim of static COST ANALYSIS is to bound
the resource consumption (cost) of executing a
program P on any.i

. Cost

Program > Bounds

Resources
® Loop iterations

® Execution steps

® Visits to Program point
® Stack and Heap space



What is Cost Analysis?

. Cost
FICEEL . " Bounds




What is the right way to Cost Analysis?

. Cost
FIeEE . " Bounds




What is the right way to Cost Analysis?

C
W W Cost

Program
Relations Bounds

'75: Classical Approach: abstract program into Cost Relations, solve
these into close-form bounds



What is the right way to Cost Analysis?

P Otentjy)

O
P\“\o(\'\‘ﬁ F UnCtiOns \

C
W W Cost

Program
Relations Bounds

'75: Classical Approach: abstract program into Cost Relations, solve

these into close-form bounds
'03: Amortised: assume a form of potential functions and generate

constraints using a typed-based system



What is the right way to Cost Analysis?

P Otentjy)

Fu NCtiong \

Program Cost  ___ , Cost

Relations Bounds
'75: Class ach: abstract program '\,00\) ’@‘s, solve
these into close- peunds a“é\{\o(\s

'03: Amortised: assume a form of poten,.zu tunctions and generate
constraints using a typed-based system

'08: SPEED: abstract individual loop transitions, generate bounds for
each transition, combine bounds



What is the right way to Cost Analysis?

P Otentjy)

Functions \

Cost ; Cost
Relations Bounds

Program

Do they have the same precission?
Can they handle same programs?



Cost Analysis: A working example

class Stack {
Node top;

//@requires m >= 1
void rpop(int m){
if (top !'= null && *){
top=top.next; //pop
//@acquire (m)
}
}

//@requires m >= 0
void main(int m) {
while( m > 0 ) {

rpop(m) ;
// push(’a’);
top = new Node (*,top);
//@acquire (1)
m = m-1 ;
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void rpop(int m){ s u _ m’+m
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class Stack { Upper Bounds (Worst Case)
Node top;
//@requires m >= 1 rpop“(t,nﬂ = m=t
void rpop(int m){ U _  m’tm %
PP (top !'= null g& *){ main‘(t, m) = 2+ mit
%Z’etop=top.next'

//Q@acquire
}
}

(f)(mz -+ tm)

//@requires m
void main(int m
while( m > 0
rpop(m) ;

// push(’a’);

top = new Node (*,top);
//@acquire (1)

m = m-1 ;

313

rpop"(t,m) = mxt

. 3 2
main(t,m) =T +3t(’"6+’”)+5’"




Classical Approach to Cost Analysis

Program

h 4
Upper
Bounds



Classical Approach to Cost Analysis

Program
Cost The Classical approach uses Cost Relations to split
Relations Cost Analysis in two independent phases
v
Upper

Bounds



Classical Approach to Cost Analysis

Program

Cost
Relations

Upper
Bounds



Classical Approach to Cost Analysis

Program

1

1

Cost
Relations

An analysis abstracts the program semantics into
a system of recursive Cost Relations

Upper
Bounds



Classical Approach to Cost Analysis

Program

1

1

Cost
Relations

An analysis abstracts the program semantics into
a system of recursive Cost Relations

Cost Relations, model the relation between the
cost of each program fragment and its input sizes

Upper
Bounds



Classical Approach to Cost Analysis

Program

1

1

An analysis abstracts the program semantics into
a system of recursive Cost Relations

Cost Relations, model the relation between the
cost of each program fragment and its input sizes

Cost
Relations
Cost Relations have a recursive syntax, and a purely
numerical yet undecidable semantics as Z* x RT
Upper

Bounds



Classical Approach to Cost Analysis

Program

1

1

Cost
Relations

1

4
Upper
Bounds

An analysis abstracts the program semantics into
a system of recursive Cost Relations

Cost Relations, model the relation between the
cost of each program fragment and its input sizes

Cost Relations have a recursive syntax, and a purely
numerical yet undecidable semantics as Z* x RT

A dedicated CRS solver (e.g. PUBS, CAS) solves
CRs into closed-form (non-recursive) bounds



Classical Approach to Cost Analysis

Program

1

1

Cost
Relations

1

4
Upper
Bounds

An analysis abstracts) @ Loop iterations

a system of recursive @ Execution steps
@ Visits to a program point

Cost Relations, moc ¢ Stack and Heap memory
cost of each program

Cost Relations have a recursive syntax, and a purely
numerical yet undecidable semantics as Z* x RT

A dedicated CRS solver (e.g. PUBS, CAS) solves
CRs into closed-form (non-recursive) bounds



Classical Approach to Cost Analysis

Program

1

An analysis abstracts) @ Loop iterations

a system of recursive @ Execution steps

@ Visits to a program point

Cost Relations, moc ¢ Stack and Heap memory
cost of each program

1

Cost
Relations

Cost Relations hay st RiTllaalol c—-odanuraly

numerical yet undd o Upper Bounds (aazsz cace)
A dedicated CRS § @ Lower Bounds (feez cace)
d CRs into closed-fof o Non-Asymptotic: 2x? + 3x + 2

Upper e Asymptotic: PY(x) € O(x?)
Bounds

1




Classical Approach to Cost Analysis: working example

Program

1

1

Cost
Relations

1

Upper
Bounds



Classical Approach to Cost Analysis: working example

Program

1

1

Cost
Relations

1

Upper
Bounds

//@requires m >= 1
void rpop(int m){
if (top != null && *){
//pop
top=top.next ;
//@acquire (m)
}}

//Q@requires m >=
void main(int m)
while( m > 0 ) {

333

rpop(m)

// push(*);

top = new
Node (*,top) ;
//@acquire (1)

m = m-1 H

0
{



Classical Approach to Cost Analysis: working example

Program

1

Cost
Relations

1

Upper
Bounds

//@requires m >= 1
void rpop(int m){
if (top != null && *){
//pop
top=top.next ;
//@acquire (m)
}}

//Q@requires m >=
void main(int m)
while( m > 0 ) {

333

rpop(m)

// push(*);

top = new
Node (*,top) ;
//@acquire (1)

m = m-1 H

0
{



Classical Approach to Cost Analysis: working example

Program

1

Cost
Relations

1

$
Upper
Bounds

//@requires m >= 1
void rpop(int m){
if (top !'= null && *){
//pop
top=top.next ;
//@acquire (m)

//Q@requires m >=
void main(int m)
while( m > 0 ) {

rpop(m)
// push(*);
top = new

0
{

3} Node (*,top) ;
//@acquire (1)
m = m-1 H
33}
main(t, m) =0 {m=0,t >0}

: _rpop(t,m)+1+ [m>1,t>0,m =m—1
main(t, m) " main(ty, mp) b=t'+1,t>t/>t—-1
rpop(t, m) =0 {m>1}
rpop(t, m) =m {m>1,t>1}



Classical Approach to Cost Analysis: working example

//Q@requires m >= 0
void main(int m) {
while( m > 0 ) {

e main : Z2 — P(R) '

L . o rpop (1)
main(t, m) contains possible costs // push () ;
of executing main(this.top,m) if top = new

Node (*,top) ;
//@acquire (1)
m = m-1 H

(this.top,m) have sizes (t, m)

Cost 13}
Relations

1

. main(t, m) =0 {m=0,t >0}
it m) 220 (D (=TS om = m 1)

~L main(ty, my) b=t +1L,t>t>t—1

Upper rpop(t, m) =0 {m>1}
Bounds rpop(t, m) =m {m>1,t>1}



Classical Approach to Cost Analysis: working example

Program

1

Cost
Relations

1

Upper
Bounds

void rpop(int m){

if (top

'= null && *){

top=top.next ;

//Q@requires m >= 0
void main(int m) {
while( m > 0 ) {

rpop(m)
// push(*);
top = new

3} Node (*,top) ;
//@acquire (1)
m = m-1 H
main(t, m) =0 {m=0,t >0}

: _rpop(t,m)+ 1+ [m>1,t>0,m =m—1
main(t, m) " main(ty, mp) L=t +1Lt>t>t—1
rpop(t, m) =0 {m>1}
rpop(t, m) =m {m>1,t>1}



Classical Approach to Cost Analysis: working example

Program

1

Cost
Relations

1

$
Upper
Bounds

~— Modular definition —————

Cost Relations define the cost of
executing a program fragment
in terms of other fragments cost

Control flow — -

//Q@requires m >=
void main(int m)
while( m > 0 )
rpop(m) ;
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//@requires m >= 1
void rpop(int m){
if (top !'= null && *){
//pop
top=top.next ;
//@acquire (m)
}}

333

r

/
t

/

m

//Q@requires m >=
void main(int m)
while( m > 0 ) {

pop(m)

/ push (*);
op = new
Node (*,top) ;
/@acquire (1)
= m-1 H

0
{

main(t,m,t") =0

main(t, m, t) “main(t’ +1,m —1,t;)

rpop(t, m, t') =0
rpop(t, m, t,) =m+ prp(t - 17 m, t,)

{m=0,t>0,t =t}
_rpop(t,m, t') + 1+ m>1,t>0
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//@requires m >= 1 //Q@requires m >= 0
Program void rpop(int m){ void main(int m) {
if (top !'= null && *){ while( m > 0 ) {
J, //pop rpop(m)
top=top.next ; // push(*);
//@acquire (m) top = new
13} Node (*,top) ;

Net Cost Upper Bound

Net Cost ot obtain precise

Relations

1

CRS

Existing CR Solvers do n
bounds for net cost equations

{m=0,t>0,t =t}

Solvmg ain(t, m, 1) _rpop(t,m, t') + 1+ m>1,t>0
l main(t, m, t1 _main(t’Jrl,mfl,tl) tZt/ZO
Upper rpop(t, m,t') =0 {m>1t>0,t =t}
{m>1t>1}

Bounds rpop(t, m, t') =m+ rpop(t — 1, m, t')
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Conclusions

We wanted to understand the differences between different approaches to
cost analysis: Classical and Amortised

@ Some programs show an Output-Cost codependence
@ The amortised approach to cost analysis handles them with precission
@ The classical approach ignores these Out-Cost dependencies
@ and is unable to get precise bounds for these examples
Our solution:
@ Net-Cost upper bounds, that take both inputs and outputs
@ An approach to verification of net-cost Upper Bounds
@ its extension to template-based synthesis
@ Extension to Peak cost of noncumulative resources

@ Works also for synthesizing Lower Bounds



