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Cost Analysis: A working example
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class Stack {

Node top;

// @requires m >= 1

void rpop( int m){

i f (top != null && *){

top=top.next; //pop

// @acquire(m)

}

}

// @requires m >= 0

void main( int m) {

while( m > 0 ) {

rpop(m) ;

// push(’a’);

top = new Node(*,top);

// @acquire (1)

m = m-1 ;

}}}
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t ≥ t ′ ≥ 0 is a precise
postcondition

0 ≤ c ≤ t ∗m is a precise
cost relation

separating them introduces
spurious evaluations

main(t,m) =0 {m = 0, t ≥ 0}

main(t,m) =
rpop(t,m) + 1+
main(t′ + 1,m − 1)

{
m ≥ 1, t ≥ 0
t ≥ t′ ≥ 0

}

c ≤ m ∗ t is best cost UB
that takes rpop inputs

c = m ∗ (t − t ′) is an exact
cost that takes both rpop
inputs and outputs

rpopu(t,m, t ′) = m(t − t ′)

Every rpop execution that starts with
s,m and terminates at t ′ consumes at
most m ∗ (t − t ′) resources

Net Cost Upper Bound
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∑n

i=1 b̃i
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∑n

i=1 b̃i
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p(x̄ |ȳ)←− b1, . . . bn

∀ ∗ . t ≥ 0 ∧m = 0 ⇒ f̃main(t,m, t) ≥ 0

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃main(t,m, t1) ≥
f̃rpop(t,m, t′) + 1+

f̃main(t
′ + 1,m − 1, t1)

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃rpop(t,m, t) ≥ 0

∀ ∗ . t ≥ 1 ∧m ≥ 1 ⇒ f̃rpop(t,m, t′) ≥ m + f̃rpop(t − 1,m, t′)



New Approach to Cost Analysis

·

·

·

·
Program

Static
Analysis

Abstract
Cost Rules

Verification
Conditions

ACRP

∀ ∗ . t ≥ 0 ∧m = 0 ⇒ f̃main(t,m, t) ≥ 0

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃main(t,m, t1) ≥
f̃rpop(t,m, t′) + 1+

f̃main(t
′ + 1,m − 1, t1)

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃rpop(t,m, t) ≥ 0

∀ ∗ . t ≥ 1 ∧m ≥ 1 ⇒ f̃rpop(t,m, t′) ≥ m + f̃rpop(t − 1,m, t′)



New Approach to Cost Analysis

·

·

·

·
Verification
Conditions

∀ ∗ . t ≥ 0 ∧m = 0 ⇒ f̃main(t,m, t) ≥ 0

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃main(t,m, t1) ≥
f̃rpop(t,m, t′) + 1+

f̃main(t
′ + 1,m − 1, t1)

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃rpop(t,m, t) ≥ 0

∀ ∗ . t ≥ 1 ∧m ≥ 1 ⇒ f̃rpop(t,m, t′) ≥ m + f̃rpop(t − 1,m, t′)



New Approach to Cost Analysis

·

·

·

·
Verification
Conditions

∀ ∗ . t ≥ 0 ∧m = 0 ⇒ f̃main(t,m, t) ≥ 0

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃main(t,m, t1) ≥
f̃rpop(t,m, t′) + 1+

f̃main(t
′ + 1,m − 1, t1)

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃rpop(t,m, t) ≥ 0

∀ ∗ . t ≥ 1 ∧m ≥ 1 ⇒ f̃rpop(t,m, t′) ≥ m + f̃rpop(t − 1,m, t′)

UB Check

SMT
Concrete

Upper Bounds



New Approach to Cost Analysis

·

·

·

·
Verification
Conditions

∀ ∗ . t ≥ 0 ∧m = 0 ⇒ f̃main(t,m, t) ≥ 0

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃main(t,m, t1) ≥
f̃rpop(t,m, t′) + 1+

f̃main(t
′ + 1,m − 1, t1)

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃rpop(t,m, t) ≥ 0

∀ ∗ . t ≥ 1 ∧m ≥ 1 ⇒ f̃rpop(t,m, t′) ≥ m + f̃rpop(t − 1,m, t′)

UB Check

SMT
Concrete

Upper Bounds

1 We try these Input &
Output Upper Bounds

f̃main(t,m, t ′) = t ∗m + m2+m
2

f̃rpop(t,m, t ′) = t ∗m − t ′ ∗m



New Approach to Cost Analysis

·

·

·

·
Verification
Conditions

∀ ∗ . t ≥ 0 ∧m = 0 ⇒ f̃main(t,m, t) ≥ 0

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃main(t,m, t1) ≥
f̃rpop(t,m, t′) + 1+

f̃main(t
′ + 1,m − 1, t1)

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃rpop(t,m, t) ≥ 0

∀ ∗ . t ≥ 1 ∧m ≥ 1 ⇒ f̃rpop(t,m, t′) ≥ m + f̃rpop(t − 1,m, t′)

UB Check

SMT
Concrete

Upper Bounds

1 We try these Input &
Output Upper Bounds

f̃main(t,m, t ′) = t ∗m + m2+m
2

f̃rpop(t,m, t ′) = t ∗m − t ′ ∗m

Valid



New Approach to Cost Analysis

·

·

·

·
Verification
Conditions

∀ ∗ . t ≥ 0 ∧m = 0 ⇒ f̃main(t,m, t) ≥ 0

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃main(t,m, t1) ≥
f̃rpop(t,m, t′) + 1+

f̃main(t
′ + 1,m − 1, t1)

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃rpop(t,m, t) ≥ 0

∀ ∗ . t ≥ 1 ∧m ≥ 1 ⇒ f̃rpop(t,m, t′) ≥ m + f̃rpop(t − 1,m, t′)

UB Check

SMT
Concrete

Upper Bounds

2 We try the desired
Input-only Upper Bounds

f̃main(t,m, t ′) = t ∗m + m2+m
2

f̃rpop(t,m, t ′) = t ∗m



New Approach to Cost Analysis

·

·

·

·
Verification
Conditions

∀ ∗ . t ≥ 0 ∧m = 0 ⇒ f̃main(t,m, t) ≥ 0

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃main(t,m, t1) ≥
f̃rpop(t,m, t′) + 1+

f̃main(t
′ + 1,m − 1, t1)

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃rpop(t,m, t) ≥ 0

∀ ∗ . t ≥ 1 ∧m ≥ 1 ⇒ f̃rpop(t,m, t′) ≥ m + f̃rpop(t − 1,m, t′)

UB Check

SMT
Concrete

Upper Bounds

2 We try the desired
Input-only Upper Bounds

f̃main(t,m, t ′) = t ∗m + m2+m
2

f̃rpop(t,m, t ′) = t ∗m

Invalid



New Approach to Cost Analysis

·

·

·

·
Verification
Conditions

∀ ∗ . t ≥ 0 ∧m = 0 ⇒ f̃main(t,m, t) ≥ 0

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃main(t,m, t1) ≥
f̃rpop(t,m, t′) + 1+

f̃main(t
′ + 1,m − 1, t1)

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃rpop(t,m, t) ≥ 0

∀ ∗ . t ≥ 1 ∧m ≥ 1 ⇒ f̃rpop(t,m, t′) ≥ m + f̃rpop(t − 1,m, t′)

UB Check

SMT
Concrete

Upper Bounds

2 We try the desired
Input-only Upper Bounds

f̃main(t,m, t ′) = t ∗m + m2+m
2

f̃rpop(t,m, t ′) = t ∗m

Valid



New Approach to Cost Analysis

·

·

·

·
Verification
Conditions

∀ ∗ . t ≥ 0 ∧m = 0 ⇒ f̃main(t,m, t) ≥ 0

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃main(t,m, t1) ≥
f̃rpop(t,m, t′) + 1+

f̃main(t
′ + 1,m − 1, t1)

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃rpop(t,m, t) ≥ 0

∀ ∗ . t ≥ 1 ∧m ≥ 1 ⇒ f̃rpop(t,m, t′) ≥ m + f̃rpop(t − 1,m, t′)

UB Space

QEMT
Template

Upper Bounds

f̃main(t,m, t
′) = µ1sm + µ2m2 +µ3mt′ + µ4s + µ5m + µ6t′ + µ0

f̃rpop(t,m, t′) = λ1sm +λ2mt′ + λ3s + λ4m + λ5t′ + λ0

2 Eliminate ∀ Quantifiers
on program variables

µ0 ≥ 0 µ4 = λ1 − λ5 µ5 + µ2 ≥ µ4 + λ0 + λ4 + 1
µ3 = 0 µ6 ≥ λ5 − λ1 2·µ2 ≥ λ1 + λ4
µ1 = λ1

λ4 ≥ 0 λ0 + λ4 ≥ 0
λ1 ≥ 1 λ1 ≥ λ3 + λ5 λ1 + λ3 ≥ 1
λ2 = −λ1 λ3 + λ5 ≥ 0

3 Solve the template constraint
to get a particular instance

µ1 = 1 µ2 =
1

2
µ3 = 0 µ4 = 0 µ5 =

1

2
µ6 = 0 µ0 = 0

λ1 = 1 λ2 = −1 λ3 = 0 λ4 = 0 λ5 = 0 λ0 = 0

f̃main(t,m, t ′) = t ∗m + m2+m
2

f̃rpop(t,m, t ′) = t ∗m − t ′ ∗m



New Approach to Cost Analysis

·

·

·

·
Verification
Conditions

∀ ∗ . t ≥ 0 ∧m = 0 ⇒ f̃main(t,m, t) ≥ 0

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃main(t,m, t1) ≥
f̃rpop(t,m, t′) + 1+

f̃main(t
′ + 1,m − 1, t1)

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃rpop(t,m, t) ≥ 0

∀ ∗ . t ≥ 1 ∧m ≥ 1 ⇒ f̃rpop(t,m, t′) ≥ m + f̃rpop(t − 1,m, t′)

UB Space

QEMT
Template

Upper Bounds

f̃main(t,m, t
′) = µ1sm + µ2m2 +µ3mt′ + µ4s + µ5m + µ6t′ + µ0

f̃rpop(t,m, t′) = λ1sm +λ2mt′ + λ3s + λ4m + λ5t′ + λ0

2 Eliminate ∀ Quantifiers
on program variables

µ0 ≥ 0 µ4 = λ1 − λ5 µ5 + µ2 ≥ µ4 + λ0 + λ4 + 1
µ3 = 0 µ6 ≥ λ5 − λ1 2·µ2 ≥ λ1 + λ4
µ1 = λ1

λ4 ≥ 0 λ0 + λ4 ≥ 0
λ1 ≥ 1 λ1 ≥ λ3 + λ5 λ1 + λ3 ≥ 1
λ2 = −λ1 λ3 + λ5 ≥ 0

3 Solve the template constraint
to get a particular instance

µ1 = 1 µ2 =
1

2
µ3 = 0 µ4 = 0 µ5 =

1

2
µ6 = 0 µ0 = 0

λ1 = 1 λ2 = −1 λ3 = 0 λ4 = 0 λ5 = 0 λ0 = 0

f̃main(t,m, t ′) = t ∗m + m2+m
2

f̃rpop(t,m, t ′) = t ∗m − t ′ ∗m



New Approach to Cost Analysis

·

·

·

·
Verification
Conditions

∀ ∗ . t ≥ 0 ∧m = 0 ⇒ f̃main(t,m, t) ≥ 0

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃main(t,m, t1) ≥
f̃rpop(t,m, t′) + 1+

f̃main(t
′ + 1,m − 1, t1)

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃rpop(t,m, t) ≥ 0

∀ ∗ . t ≥ 1 ∧m ≥ 1 ⇒ f̃rpop(t,m, t′) ≥ m + f̃rpop(t − 1,m, t′)

UB Space

QEMT
Template

Upper Bounds

1 We use these templates
for Input & Output UBs

f̃main(t,m, t
′) = µ1sm + µ2m2 +µ3mt′ + µ4s + µ5m + µ6t′ + µ0

f̃rpop(t,m, t′) = λ1sm +λ2mt′ + λ3s + λ4m + λ5t′ + λ0

2 Eliminate ∀ Quantifiers
on program variables

µ0 ≥ 0 µ4 = λ1 − λ5 µ5 + µ2 ≥ µ4 + λ0 + λ4 + 1
µ3 = 0 µ6 ≥ λ5 − λ1 2·µ2 ≥ λ1 + λ4
µ1 = λ1

λ4 ≥ 0 λ0 + λ4 ≥ 0
λ1 ≥ 1 λ1 ≥ λ3 + λ5 λ1 + λ3 ≥ 1
λ2 = −λ1 λ3 + λ5 ≥ 0

3 Solve the template constraint
to get a particular instance

µ1 = 1 µ2 =
1

2
µ3 = 0 µ4 = 0 µ5 =

1

2
µ6 = 0 µ0 = 0

λ1 = 1 λ2 = −1 λ3 = 0 λ4 = 0 λ5 = 0 λ0 = 0

f̃main(t,m, t ′) = t ∗m + m2+m
2

f̃rpop(t,m, t ′) = t ∗m − t ′ ∗m



New Approach to Cost Analysis

·

·

·

·
Verification
Conditions

∀ ∗ . t ≥ 0 ∧m = 0 ⇒ f̃main(t,m, t) ≥ 0

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃main(t,m, t1) ≥
f̃rpop(t,m, t′) + 1+

f̃main(t
′ + 1,m − 1, t1)

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃rpop(t,m, t) ≥ 0

∀ ∗ . t ≥ 1 ∧m ≥ 1 ⇒ f̃rpop(t,m, t′) ≥ m + f̃rpop(t − 1,m, t′)

UB Space

QEMT
Template

Upper Bounds

f̃main(t,m, t
′) = µ1sm + µ2m2 +µ3mt′ + µ4s + µ5m + µ6t′ + µ0

f̃rpop(t,m, t′) = λ1sm +λ2mt′ + λ3s + λ4m + λ5t′ + λ0

2 Eliminate ∀ Quantifiers
on program variables

µ0 ≥ 0 µ4 = λ1 − λ5 µ5 + µ2 ≥ µ4 + λ0 + λ4 + 1
µ3 = 0 µ6 ≥ λ5 − λ1 2·µ2 ≥ λ1 + λ4
µ1 = λ1

λ4 ≥ 0 λ0 + λ4 ≥ 0
λ1 ≥ 1 λ1 ≥ λ3 + λ5 λ1 + λ3 ≥ 1
λ2 = −λ1 λ3 + λ5 ≥ 0

3 Solve the template constraint
to get a particular instance

µ1 = 1 µ2 =
1

2
µ3 = 0 µ4 = 0 µ5 =

1

2
µ6 = 0 µ0 = 0

λ1 = 1 λ2 = −1 λ3 = 0 λ4 = 0 λ5 = 0 λ0 = 0

f̃main(t,m, t ′) = t ∗m + m2+m
2

f̃rpop(t,m, t ′) = t ∗m − t ′ ∗m



New Approach to Cost Analysis

·

·

·

·
Verification
Conditions

∀ ∗ . t ≥ 0 ∧m = 0 ⇒ f̃main(t,m, t) ≥ 0

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃main(t,m, t1) ≥
f̃rpop(t,m, t′) + 1+

f̃main(t
′ + 1,m − 1, t1)

∀ ∗ . t ≥ 0 ∧m ≥ 1 ⇒ f̃rpop(t,m, t) ≥ 0

∀ ∗ . t ≥ 1 ∧m ≥ 1 ⇒ f̃rpop(t,m, t′) ≥ m + f̃rpop(t − 1,m, t′)

UB Space

QEMT
Template

Upper Bounds

f̃main(t,m, t
′) = µ1sm + µ2m2 +µ3mt′ + µ4s + µ5m + µ6t′ + µ0

f̃rpop(t,m, t′) = λ1sm +λ2mt′ + λ3s + λ4m + λ5t′ + λ0

2 Eliminate ∀ Quantifiers
on program variables

Quantifier Elimination of ∀w̄ .Φ[w̄ , ū] gives a con-
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f̃rpop(t,m, t ′) = t ∗m − t ′ ∗m
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Conclusions

We wanted to understand the differences between different approaches to
cost analysis: Classical and Amortised

Some programs show an Output-Cost codependence

The amortised approach to cost analysis handles them with precission

The classical approach ignores these Out-Cost dependencies

and is unable to get precise bounds for these examples

Our solution:

Net-Cost upper bounds, that take both inputs and outputs

An approach to verification of net-cost Upper Bounds

its extension to template-based synthesis

Extension to Peak cost of noncumulative resources

Works also for synthesizing Lower Bounds


